The density-matrix renormalization-group technique is employed to show explicitly that S = 2 quantum spin chains belong to the same universality class as S = 1 spin chains. The dispersion of the single-magnon band for periodic chains is shown to be A/A 2 + CU 2 where A is the Haldane gap and u q = u|sin(7r -q)\ with v = A£, £ as the correlation length, IT -q = 2irn/L, L as the chain length and n as an integer. Moreover, the existence of spin 1/2 topological excitations due to breaking of one singlet bond is demonstrated by finite size scaling of correlation functions decaying as exp(-r/£)/vL. These stringent numerical tests, as well as the repulsive interactions between magnons provide strong evidence in favor of the existence of a universality class for integer quantum spin chains conjectured by Haldane.
The well-known Haldane's conjecture on qualitatively different behavior of integer and half-integer quantum spin chains [1] has stimulated enormous interest in theoretical and experimental studies. For S = 1 spin chains, his conjecture on the gap in the excitation spectrum and exponential decay of correlation functions has been checked very carefully by numerical calculations [2, 3] and experiments [4] . Moreover, an exactly solvable model of the valence-bond-solid (VBS) [5] has provided a very intuitive picture for S = 1 quantum spin chains, which was later on generalized to arbitrary integer spin chains [6] . In particular, free S = 1/2 spins are predicted to show up at ends of open chains, verified both numerically [7, 2, 8] and experimentally [4, 9] . As for S = 2 spin chains, several numerical calculations including various quantum Monte Carlo (MC) techniques [10] [11] [12] and densitymatrix renormalization-group (DMRG) method [13] [14] [15] [16] have shown the presence of a gap in the excitation spectrum, although the obtained gap values still differ from each other (0.05J 0.085J). Very recently, the magnetization measurements in very strong magnetic fields in an S = 2 organic linear chain compound have been interpreted as due to the Haldane gap (~ 0.07J) [17] . However, the S = 2 chain study is still in its initial stage. Numerically, the main difficulty is due to the smallness of the Haldane gap leading to a long correlation length (of the order of 50 lattice constants). Analytically the non-linear(NL) cr-model treatment [1, 18] does not provide enough concrete results, and it is not so obvious how to generalize the other field theory techniques [18, 19] successfully applied to the S = 1 case, to S = 2 spin chains. Therefore, the question on whether S = 2 quantum spin chains belong to the same universality class as S = 1 chains, i.e., to have the same type of ground state, the same continuum spectrum, the same topological excitations, and the same type of correlation functions, remains to great extent open. The main purpose of this paper is to employ the DMRG technique [20] to address the above mentioned issues. In particular, we will show explicitly that the single-magnon band for S = 2 chains has exactly the same dispersion as for the S = 1 case (periodic boundary conditions). Moreover, using the finite size scaling of the ground state and excited states energies, we demonstrate the presence of confined S = 1/2 topological excitations characteristic for VBS [5] system, leading to correlation functions behaving like exp(-r/£)/vL, where £ is the correlation length, while L is the chain length. Using this correct scaling form we could determine more precisely the gap value (~ 0.085J). Furthermore, we show that the elementary magnetic excitations repel each other as for the S = 1 case. For comparison, we also present some related results for S = 1 chains, reported earlier in a different form [8, 15] Table I energies and truncation errors for S = 2 chains.
For short chains considered in this paper, the truncation error has not saturated yet, so the actual error is about one order of magnitude higher than the truncation error. [22] The
Monte Carlo results in Ref. [11] can be used as a reference when reading these data.
Haldane has shown earlier [1, 23] that the low energy physics of an AF chain is described by the 0(3) NLcr-model in the limit of large spin S. Of course, the isotropic Heisenberg model corresponds to a gapless NLcr-model. However, he argued that upon renormalization the coupling constant g = 2/S is getting bigger and drives the system to a massive (gapful) energy gap A oc Se~v S opens up in the spectrum. The presence of this gap can also be shown using other large n expansions of NLcr-models [24, 25] . It has been thus accepted that for S = 1 chains the single-magnon band is given by [19] : E q = Jv 2 (q -IT) 2 + A 2 , where A is the Haldane gap and v = A^ is the spin wave velocity, with the band bottom located at q = IT. For finite chains, the one-magnon band dispersion should be:
where Hence the square root of the squared energy difference between the second excited state (which is in the one magnon band) and the band edge is given by:
Using the above expression to fit the data for S = 1 and S = 2 chains we obtain the spin are well-known [7, 2, 4] . Using the strong coupling expansion of the SU(N) NLcr-model Ng [26] has generalized this result to arbitrary spins. In particular for S = 2, there should be "end" spins S' = 1. However, this is not our concern here, since we consider only periodic chains. On the other hand, there is another type of topological spin 1/2 excitations inherent to the VBS picture [5] , namely, two spin 1/2 excitations are created when a singlet bond is broken. Since these spinons (spin 1/2 objects) are massive, they are confined in the SU(N) theory [25] . A clear signature of these topological excitations has been seen in earlier calculations on periodic S = 1 chains [15] , where we have shown that the singlet ground state energy
and the triplet first excited state energy a e~Ll^ ( 5) Here e 0 is the site energy and Ai is the S = 1 Haldane gap. This scaling form shows clearly that these two S' = 1/2 spins are related to each other by both "direct" singlet-triplet excitation through gap Ai, and "indirect" singlet-triplet excitation through effective spin-
The ratio of the coefficients -3/4 and 1/4 is exactly what one expects from this interpretation. It is remarkable that the same is true for S = 2 chains. Using the same scaling relations (replacing Ai and ^ by A 2 and <^2, respectively), we can extract the related parameters for S = 2 chains.
The site energy e 0 can be calculated from E 0 +(L) -E 0 +(L -2) with high accuracy [2],
and it is e 0 = -4.761244(1). We calculate gap and correlation length by fitting:
We obtain A 2 = 0.085(1) and <^2 = 54.3(2). This fitting can be understood as an approximation for the indirect coupling J e jj with appropriate higher order terms of (Si • SL) . The fitting is plotted in Fig. 2 
as E±+ -E o + vs exp( -L/^/vL-
The success of the fitting formula for A 2 in Fig. 2 reconfirms our argument in a previous study [15] : the finite size scaling for gap of periodic S = 2 chain should not be of the 1/L form.
For topological spin 1/2 excitations, the above analysis of Eqs. (4) and (5) suggests the following test:
We plot in Fig. 3 Now we can give some physical interpretation of our numerical results. One of the crucial differences between spin 1/2 and spin I systems is that in the former case the spin 1/2 objects are massless and deconfined, whereas in the latter these objects are massive and confined. As a consequence, the spectrum for spin 1/2 system is a continuum starting from zero (see, e.g., Ref. [27] ), while for spin 1 systems there is a well-defined dispersion of the spin 1 excitations (single magnon, formed by two confined spin 1/2 objects in the VBS picture), separated from the two-magnon continuum (see, e.g. Fig. 6 in Ref. [2] ). In our calculations we have shown explicitly that in S = 2 chains the spin 1 excitation, the single magnon, obeys exactly the same dispersion (2) as for S = 1 chains. This means that the spin 1/2 objects are really confined in S = 2 chains. An even stronger support comes from a true "Lorentz invariant" low energy behavior, namely, the exactness of the "relativistic" A much more stringent test of the confinement has been done via a finite size scaling of the energy levels, interpreted in terms of topological excitations. We have verified the singlet and triplet coupling of these spin 1/2 excitations for the ground state and the first excited state for S = 2 AF Heisenberg chain. Their indirect coupling, which is the correlation function for the S = 2 spin chain, is the same as the one conjectured by Haldane [1] . The confined triplet state of the two topological spin 1/2 excitations is understood as a magnon.
Our numerical results convincingly show that the VBS picture [5, 6] is indeed also valid for S = 2 chains, i.e. the lowest excitations corresponds to breaking of one singlet bond by 6 creating a confined triplet excitation [28] .
It is known from the exact solution of the 0(3) NLcr-model (see, e.g. Ref. [19] ) that the triplet bosons have a finite scattering amplitude, but do not form bound states. As a consequence, the two-magnon states have a bigger energy than the energy sum of two independent bosons, i.e. the single-magnon dispersion is separated from the two-magnon continuum. This property has been also checked in our numerical calculations for S = 2 chains. 2 
